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Abstract. The notion of a prolongation of an algebraic variety is developed 
in an abstract setting that generalises the difference and (Hasse) differential 
contexts. An interpolating map that compares these prolongation spaces with 
algebraic jet spaces is introduced and studied. 



1. Introduction 

To a differentiable manifold M one may associate the tangent bundle TM which 
is itself a differentiable manifold whose points encode the information of a point in 
M together with a tangent direction. Through the Zariski tangent space construc- 
tion, there is a natural extension of the notion of a tangent bundle to algebraic 
varieties and more generally to schemes. This algebraic version of the tangent 
bundle admits several different interpretations in terms of derivations, dual num- 
ber valued points, maps on the contangent sheaf, infinitesimal neighborhoods, et 
cetera. In generalising the tangent bundle construction to produce spaces adapted 
to higher differential structure, the various aspects of the tangent bundle diverge 
and one may study jet spaces (in the sense of differential geometry), higher order 
infinitesimal neighborhoods (in the sense of Grothendieck) , sheaves of differential 
operators, and arc spaces amongst other possibilities. 

Jet and arc spaces and their ilk appear in difference and differential algebra 
as prolongation spaces used to algebraize difference and differential varieties. For 
example, if (K, d) is a differential field and X is an algebraic variety defined over the 
9-constants of K, then for any i^-point a 6 X(K), relative to the usual presentation 
of the Zariski tangent bundle, we have (a, 9(a)) 6 TX(K). Generalizing these 
considerations to higher order differential operators, one may understand algebraic 
differential equations in terms of algebraic subvarieties of the arc spaces of algebraic 
varieties. The constructions employed in difference and differential algebra bear 
many formal analogies and may be understood as instances of a general theory of 
geometry over rings with distinguished operators. 

In this paper we lay the groundwork for a careful study of several of these 
constructions of these spaces encoding higher order differential structure. For us, 
the main goal is to develop a robust theory of linearization for generalised difference 
and differential equations, but to achieve this end we must study the properties of 
jet, arc and prolongation spaces in general. 
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This paper is organized as follows. We begin by discussing the Weil restriction 
of scalars construction. This construction is, of course, well-known but we were un- 
able to find a sufficiently detailed account in the literature. We then introduce our 
formalism of £-rings simultaneously generalising difference and differential rings. 
With these algebraic preliminaries in place, we define prolongation spaces of al- 
gebraic varieties over f-rings and study the geometric properties of prolongation 
spaces. We then switch gears to study the construction of algebraic jet spaces, 
which, for us, are not the same as the jet spaces considered in differential geometry. 
The jet spaces of differential geometry are essentially our arc spaces, while our jet 
spaces are the linear spaces associated to the sheaves of higher order differential 
operators. Finally, we introduce a functorial map comparing the jet space of a 
prolongation space with the prolongation space of a jet space and then study this 
interpolation map. We conclude this article by showing that over smooth points, 
this interpolation map is surjective. 

In the sequel, we shall apply the geometric theory developed here to build a 
general theory of ^-algebraic geometry generalising Kolchin's theory of differen- 
tial algebra and Cohn's theory of difference algebra, and in analogy with Buium's 
theories of arithmetic differential algebraic geometry. In particular, the final surjec- 
tivity theorem of the present article will be used to show that for so-called separable 
^-varieties, £-jet spaces determine the ^-varieties, thus generalising the principal 
results of Pillay and Ziegler [6] on finite-rank difference and differential varieties. 

We would like to thank Sergei Starchenko for reading and commenting upon an 
early draft of this paper. 

Some conventions: All our rings arc commutative and unitary and all our 
ring homomorphisms preserve the identity. All our schemes are separated. If X 
is a scheme over a ring A and we wish to emphasise the parameters we may write 
Xa for X. Similarly, for R an A-algebra, we may write Xr := X x^R. By X(R) 
we mean the set of i?-points of X over A. Note that if k is an A-algebra and R a 
fc-algebra, then there is a canonical identification of Xf.{R) with X(R). 

2. Weil restriction of scalars 

Weil restriction of scalars is a notion that will be of fundamental importance in 
this paper. We review some of the basic facts of this construction. The material 
covered here, as well as further details, can be found in section 7.6 of [T] and in the 
appendix to [5] . 

Let S be a scheme and T — > S a scheme over S. Given a scheme Y over T, let 
TZt/sY : Scheme /S — > Sets be the functor which assigns to any scheme U over S 
the set Hom T (C7 x s T,Y). 

Proposition 2.1 (cf. Theorem 4 of pQ). Suppose k is a ring, R is a k-algebra that 
is finite and free as a k-module, S = Spec(fc), and T = Spec(ii). If the induced 
morphism T — > S is one-to-one then there exists a covariant functor 

Rt/s '■ Schemes /T — > Schemes /S 

such that for any scheme Y over T, R^s7 represents the functor TZrp/gY. The 
equivalence of the functors Homs(_, Rt/s Y) and 1Zt/sY is given by the existence 
of a T -morphism ry : R T /gY Xj T — > Y such that for any scheme U over S, 
p i— ► ry ° (p X s id-r) defines a bijection between Homs([7, Rt/s Y) and 1Zt/sY(U). 
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We can drop the assumption that T — > S is one-to-one if we restrict Rt/s 
to the category of schemes over R that have the property that every finite set of 
(topological) points is contained in an open affine subscheme. 

Proof. The proposition is implicit in the proof of Theorem 4 of pQ . For the sake of 
completeness we provide some details here. 

Choosing a basis, let R = J=1 k ■ ej. We first define the functor Rt/s on 
affine schemes over T. Suppose Y — Spec (P[y]/J), where y is a (possibly infinite) 
tuple of indeterminates. Let y = (yj)i<j<t be t copies of y. Then let R T / S Y := 

Spec (fc[y]/P) where I' is obtained as follows: Let p : R[y] — > k[y] (g>/- R be the 

t 

P-algebra map given by p(y) = yj ® ej for all y G y, and p(r) = 1 r for all 

3=1 

t 

r G P. Given P G R[y], p{P) = ^Pj® ej where Pi, . . . ,P t G fc[y] are such that 

3=1 

t 

(1) ^Eyjei) - Piei + P 2 e 2 + .-- + P t e t 

3=1 

in (Bj=i k[y] ■ Cj. If for each 1 < j < t we let 7Tj : fe[y] ®fc P — > fc[y] be the map 

which first identifies k[y] ®fc P with &[y] ■ e_,- and then projects onto the ej 

t 

factor, then I' is the ideal generated by Kjp(I). That is, /' is the ideal generated 

3=1 

by the Pj's in (fT|) as P ranges over all polynomials in I. 

Note that p induces an P-algebra map r Y : P[y]/7 — > k[y]/I' <£>/c P which in 
turn induces an P-morphism Spec (fc[y]/P) x fc P — > Spec (P[y]/l). This is the 
T-morphism ry : Rt/s ^ x s P ~ * Y whose existence is asserted in the Proposition. 

We need to define Rt/s on morphisms. Suppose p : Y — ► Z is an P-morphism, 
where Z = Spec (P[z]/j) . Then R T/S (p) : Spec (fc[y]/P) -> Spec (fc[z]/J') is the 
map induced by the fc-algebra map Zj t— > Hjr Y (jf z\ where p* : P[z]/J — > P[y]/7 
is the P-map on co-ordinate rings associated to p and ry and 7Tj are as in the 
preceeding paragraphs. It is routine to check that Rt/s thus defined is indeed a 
functor from affine schemes over T to affine schemes over S. 

Next we show that Rt/s^ does indeed represent the functor lZ T /gY (still re- 
stricting to affine schemes). Suppose U = Spec(A) is an affine scheme over k. We 
first show that p i— > ry ° {p Xk idfl) defines a bijection between Homfe(P, Rt/s Y) 
and 1Z T / S Y{U) = Hornet/ R,Y). Working with the co-ordinate rings instead, 
we need to show that / i— ► (/ x id#) o r Y gives a bijection from Homfc(fc[y]/P, A) 

to Hom7j(P[y]/7, A ®fe P). For injectivity we just observe that if (/ x id#) o r Y — 

t t 

(g x id fl ) o r* Y then ^ + J') ® e d = ^Tg(yj + I') ® ej for all y £ y. But 

3 = 1 3=1 

since 4®t fl = ©j=i ^ ' e h this implies that /(j/j + /') = g(jjj + I') for all y G y 

and all 1 < j < t. So / and g agree on the generators of k[y]/I' and hence are 

equal. For surjectivity, suppose a G Hom^(P[y]/7, A ®^ P). For each y G y write 
t 

a(y+I) = aj®ej, where a,j G A. Now define / : k[y)/I' — > A by f(yj+I') := aj. 

3 = 1 
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Then / G Hom/c(fc[y]//', A) and we compute that 



t 



[(/ x id fl ) o r* Y ] (y + I) = {f x id B )(J2iyj + I') ® e 3 ) = a J ® e J = + 7 ) 

i=i i=i 

for each y g y, as desired. 

It is routine to check that the above bijection is functorial in U and therefore does 
establish the desired equivalence of functors, at least restricted to affine schemes. 

It remains therefore only to go from affine schemes to schemes in general. In 
Theorem 4 of [1] there is an argument going from the representability of TZt/sY for 
affine schemes Y to the representability of TZt/sZ where Z has the property that 
every finite set of (topological) points is contained in some open affine subscheme. 
As a matter of fact of the proof given there, one only has to worry about finite sets 
in Z of cardinality bounded by the cardinality of the fibres of T — > S (they work 
with the weaker assumption that T — > S is finite and locally free). Hence, in the 
case that T — » S is one-to-one, the extra assumption on Z is unnecessary. 

So Rt/s extends to a functor on all schemes over T. Finally, from the fact that 
the morphism ry defined above for affine schemes is functorial in Y, it is not hard 
to check that it extends to all schemes over T with the desired property. □ 

Definition 2.2. Suppose k is a ring, A is a fc-algebra that is finite and free over k, 
and Y is a scheme over A such that either Spec(A) — * Spec(fc) is a homeomorphism 
or Y has the property that every finite set of points is contained in an affine open 
subset. Then the scheme Rspoc(A)/Spoc(fc) Y given by the above proposition is called 
the Weil restriction of Y from A to k and will be denoted by RA/k Y. 

The following fact, which is stated in a seemingly weaker but in fact equivalent 
form in section 7.6 of p], is a routine diagram chase. 

Fact 2.3. Weil restriction is compatible with base change. That is, if T — > S and 
S' — > S are schemes over S, and T' := T x 5 S' , and IZr/s- Then for any scheme 
Y over T, 

Rt/sY x s S' = R T , /S >(Y x T T') 
whenever Rx/ s Y andRT'/s'(Y Xj-T') exist. 

Fact 2.4. If T — > S is a scheme over S and f : X — > Y is a smooth (respectively 
etale) morphism of schemes over T, then Rr/sif) '■ Rt/s-X — > R^/sY is also 
smooth ( respectively etale ) - whenever R T ig X and R T igY exist. 

Proof. This proof is essentially the same as the argument for part (h) of Proposi- 
tion 5 in section 7.6 of pQ. We spell out some of the details. 

We use the characterisation of smooth and etale maps given by Proposition 6 
of section 2.2 of pQ; namely that it suffices to show that for any affine scheme 
Z — > Rt/s(Y) and all closed subschemes Z of Z whose ideal sheaf is square 
zero, the canonical map HomR T/s y (Z, Rt/s X) — > Hom.R T , s y \Zq, Rt/s X) 1S 
surjective (respectively bijective). So given a : Z — > Rt/s X over Rt/s Y we want 
to lift it (uniquely) to Z. Base changing up to T we obtain 

ZoXs T a -^R T/s XxsT^L+x 

Rx/s(/)xid 

R T/S Y xsT^L^y 
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Since / is smooth rx ° (a x id) lifts to a map p : Z xj T — ► X over Y. Now, 
under the identification of X(Z Xs T) with R T /s X(Z), p corresponds to a map 
p : Z — > Rt/s A such that p = rx o (p x id). So we get 

Z x s T R T /s X x s T X 




R T /s(/)xid 

Rt/sY x s T^-+y 

Since p = rx°{p~X- id) extends r^ofox id) , p is our desired extension of a. Moreover, 
if p' were another lifting of a to Z then r x o (p' x id) would be another lifting of 
rx ° (a x id). Hence, if / is etale then p is the unique extension of a to Z. □ 

Example 2.5 (Arc spaces). Let A be a scheme over a ring fc. Letting := 
k[e]/(e n+1 ), we define the n th arc space Arc„(A) of X, to be the Weil restriction of 
X Xfe from fc( n ) to fc. (Note that Spec(fc(™)) — > Spec(/c) is a homeomorphism 
so that the Weil restriction does exist.) In particular, Arc„(A)(fc) is canonically 
identified with the -points of X Xj; k^ n \ which in turn can be identified with 
X(fc(")). Note that Arci(A) is the tangent bundle TX. 

The quotient — > k induces a structure map Arc„(A) — > A as follows: For any 
fc-algebra R, Arc„(A)(i?) is identified with (A x fc k^)(R® k fc( n >) which is in turn 
identified with A( J R® fc fc(")). Now fl® fc fc( n ) = J R[e]/(e(™+ 1 )) =: R( n \ and we have 
the natural quotient map p^ : R^ — > i? inducing : Spec(i?) — > Spec(i?^). 
Composition with defines a map from the X(R^) to X(R). That is, from 
Arc„(A)(i?) to X(R). 



3. f -RINGS 

Definition 3.1. By the standard ring scheme S over A we mean the ring scheme 
where S(R) = (R, +, x , 0, 1), for all A-algebras R. An S-algebra scheme £ over A is 
a ring scheme together with a ring scheme morphism sg : S — > £ over A. We view § 
as an S-algebra via the identity id : § — > S. A morphism of S-algebra schemes is then 
a morphism of ring schemes respecting the S-algebra structure. Similarly one can 
define S-module schemes and morphisms. By a finite free S-algebra scheme we will 
mean, somewhat unnaturally, an S-algebra scheme £ together with an isomorphism 
of S-module schemes tp£ : £ — > S £ , for some I e N. 

The intention behind fixing the ismorphism ip£ : £ — ► S e is to give us a canonical 
way of presenting £{R) uniformly in all ^4-algebras R. Indeed, we get £{R) = 
R[{ei)i<e]/lR, where the are indeterminates and In is the ideal generated by 
expressions that describe how the monomials in the e^'s can be written as A- linear 
combinations of the e^'s. 

Remark 3.2. It follows from the above discussion that for any ^4-algebra, a : A — > 
R, we can canonically identify £(R) and £(A)®aR, both as i?-algebras and as £{A)- 
algebras (where the £ (A)-algebra structure on £ (R) is by £(a) : £ (A) — > £(R))- 
The converse is also true: given any finite and free A- algebra B, by choosing a basis 
we can find a finite and free S-algebra scheme £ over A such that £{R) = B ®a R 
for any yl-algebra R. 
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Definition 3.3. Suppose £ is a finite free S-algebra scheme over a ring A. An 
£-ring is an A-algebra k together with an A-algebra homomorphism e : k — > £(k). 

One may equally well describe an £-ring by giving a collection of operators 
{di : k — > k}i< e via the correspondence ij]£ o e = {d\, . . . ,di). That the collection 
{c^} so defines an £ -ring structure on k is equivalent to the satisfaction of a certain 
system of functional equations. 

We now discuss some examples. 

Example 3.4 (Pure rings). For any A-algebra k, (k, id) is an S-ring. 

Example 3.5 (Rings with endomorphisms) . Fix n > and consider the finite 
free S-algebra scheme £ n — S™ with the product ring scheme structure and s : 
S — » § n being the diagonal. If k is a ring and (To, . . . , <J n —i ar e endomorphisms 
of k, then (fc, e n ) is an £„-ring where e„ := (<jq, <ji, . . . , cr n _i). In particular, if 
er is an automorphism of fc, then setting cto = id, and setting a^m— l = <7 m and 
cr 2>n = c~ m for all to > 0, we see that the difference ring structure is captured by 
{(k,e n ) : n G N}. 

Example 3.6 (Hasse-differential rings). For each n > 0, consider the finite free 
S-algebra scheme £ n where for any ring R 

• £ n (R) = -Rfaij ■ ■ ■ ! T/r]/ {""lii ■ ■ ■ i r lr) n+1 , where 771 , . . . , r] r are indeterminates; 

• s R : R — > £ n (R) is the natural inclusion; and, 

• : £n{R) — * " is the identification via the standard monomial basis of 
i?[?7i, . . . ,to]/(?7i, . . . ,77r) n+1 over i?; 

We leave it to the reader to write down the equations which verify that such a finite 
free S-algebra scheme exists. 

Recall that a Hasse derivation on a ring k is a sequence of additive maps from 
k to k, D = {Dq, Di . . . ), such that 

• Dq = id and 

• D m (xy) = ^2 D a(x)D b (y) for all to > 0. 

a+b—m 

Suppose Di,.,.,D r is a sequence of r Hasse derivation on fc and set £?(x) = 
^ D lyCcl D 2 , a2 ■ ■ ■ D r ar (x)n a . Then E : k — > fe[[?7i, . . . , to]] is a ring homo- 

aGN r 

morphism. Let e„ be the composition of -E with the quotient fc[[f?i, . . . , rj r ]] — > 
k[r}x, . . . , rj r ]/(rii, . . . , r] r ) n+ . Then (k,e n ) is an £„-ring. The Hasse-differential 
ring structure is captured by the sequence {(k,e n ) : n E N}. 

This example specialises to the case of partial differential fields in characteristic 
zero. Suppose k a field of characteristic zero and d\ , . . . , d r are derivations on 
d n 

k. Then D in :— — for 1 < i < r and n > 0, defines a sequence of Hasse 
n! 

derivations on k. The £„-ring structure on k is given in multi-index notation by 
e n (x) := — d a (x)n a where 9 := (di, d r ). 

«6N r ,|a|<n 

On the other hand we can specialise in a different direction to deal with fields of 
finite imperfection degree. The following example is informed by [8] : suppose k is a 
field of characteristic p > with imperfection degree r. Let tj., . . . ,t r be a p-basis 
for Then ii, . . . , t r are algebraically independent over ¥ p . Consider ¥ p [ti, . . . ,t r ] 
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and for 1 < i < r and nel, define 

and extend by linearity to ¥ p [ti, . . . ,t r ]. The sequence (Di, . . . , D r ) forms a se- 
quence of r Hasse derivations on this domain. Moreover, they extend uniquely to 
Hasse derivations on k (see Lemma 2.3 of [8]). This gives rise to a £„-ring structure 
on k for all n. 

The above examples can also be combined to treat difference-differential rings. 
Next we consider an example interpolating between differential and difference 
rings. The notion of D-ring was introduced by the second author in [7]. 

Example 3.7 (D-rings). Let A be a commutative ring having a distinguished 
element eg A. For any A-algebra R we define £ C (R) to be the A-module RxR with 
multiplication defined by {x 1 ,x 2 ) ■ (2/1,2/2) := {xiyi,x 1 y 2 + x 2 yi + cx 2 y 2 ). To give 
R the structure of a £ c -ring we need only produce an ^4-linear map D : R — > R for 
which R — > £ C {R) given by x 1— > (x, D{x)) is a homomorphism of A-algebras. Note 
that if c = 0, then £ C (R) is the ring of dual numbers over R and D is a derivation. At 
the other extreme, if c G , then from any A-algebra endomorphism r : R — > _R, we 
give i? a £ c -ring structure via -D(x) := c _1 [r(x) — a;]. Considered at the level of the 
ring schemes, we see that (£ c )a[-] * x while (£c)a/(c) ~ (§[ e ]/( e2 )),4/(c)- 
In particular, when ^4 is a field, an £ c -ring is essentially either a difference ring or 
a differential ring. 

Finally let us discuss an example of a ring functor which does not fit into our 
formalism, but for which some of our constructions still make sense. 

Example 3.8 (A-rings). Fix A a commutative ring of characteristic p with a finite 
p-independent set B. For each natural number n and ^4-algebra R, define £ n (R) := 
R[{sb ■ b € B}]/({s% — b : b G B}} and take for its basis over A the monomials in 
{sb : b G B} in which each variable appears to degree less than p n . As it stands, an 
£ n -ring (A, ip) is simply a Hasse differential ring for which certain linear differential 
operators must vanish identically. However, we might consider a variation on the 
definition of an £-ring: Letting P n : £ n (R) — > R be given by x <— > x p , we might 
ask for a map A : R — > £ n {R) for which the composite P„ o A is the identity on i?. 
(Note that A is then not A-linear, and hence does not give an £„-ring structure in 
our sense.) With this construction we recover the formalism of A-functions used in 
the study of the theory of separably closed fields. 

As the above examples suggest, one is usually interested in a whole sequence 
of £„-ring structures on k that satisfy certain compatibility conditions. A more 
systematic study of such systems, generalised Hasse systems, with their attendant 
geometry, will be carried out in the sequel to this paper. 

We conclude this section with some notation. 

Notation 3.9. Suppose (fc,e) is an £-ring. 

(a) Note that £(k) has two fc-algebra structures, the standard s| : k — > £(k) and 
the exponential e : k — > £(k). Both induce the same A-algebra structure. In 
order to distinguish these notationally, we will denote the latter by £ e (k). 
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(b) The ring homomorphism e : k — > £{k) also induces a second k- algebra 
structure on £{R), for any fc-algebra R. Namely, given a : k — > R we obtain 

k - £{k) £{R) 

We denote this A:- algebra by £ e {R). Alternatively, if we identify £(R) with 
R (8>fc £{k) as in Remark [XH then £ e (R) is described by 

k £{k) ^ R ® k £{k) 

Note that in general £ e (R) ^ R <8>fe £ e (k) as fc-algebras. 

4. Abstract Prolongations 

We fix a finite free §-algebra scheme £ over a ring A and an £-ring (fc,e). The 
following definition is partly informed by, and generalises, a construction of Buium's 
in the case of an ordinary differential ring (cf. 9.1 of |23)Q 

Definition 4.1 (Prolongation). Suppose A is a scheme over k. The prolongation 
space of X with respect to £ and e, denoted by t(A, £,e), is the Weil restriction 
of A Xfe £ e (k) from £ (k) to k, when it exists. Note that we are taking the base 
extension with respect to the exponential e : k — > £ (fc), while we are taking the 
Weil restriction with respect to the standard s| : k — > £(k). When the context is 
clear we may write r(A) for t(A, £ , e). 

So for any fc-algebra i?, using the fact (Remark 13. 2ft that £ (R) — £(k) <8>fc R, we 
have that t(X)(R) = (A x fc £ e {k)) (£ (R)). 

Note that if A is quasi-projective then the prolongation space necessarily ex- 
ists regardless of the £-ring - this is because every finite set of points in a quasi- 
projective scheme is contained in an affine open subset, and that is the condi- 
tion for the existence of the Weil restriction. On the other hand, for particu- 
lar £-rings, the prolongation spaces may exist for other schemes - for example if 
s k : Spec (£ (fc)) — » Spec(k) is one-to-one then t(A, £, e) exists for all schemes A 
over k (cf. Proposition ^. ip . In the rest of this paper we implicitly assume that our 
schemes and £-rings are such that the the relevant prolongation spaces exist. If the 
reader is uncomfortable with this sleight of hand, he/she is welcome to assume that 
all our schemes are quasi-projective. 

Example 4.2. (a) If £ = § and e = s k £ = id, then t(A) = A. 

(b) Arc spaces are prolongations. If £ is the S-algebra scheme given by £{R) = 
R[e]/(e n+1 ) and e = s s is the standard fc-algebra structure on fc[e]/(e™ +1 ), 
then r(A) = Arc„(A) of Example O 

(c) Difference rings. If £ n {k) = k n is as in Example l3.5i and e„ = (<7o, ■ ■ ■ , fn-i) 
is a sequence of endomorphisms of k, then t(A, £ n , e n ) = A CT ° x • • • x A ™- 1 , 
where X ai = X x ff ; k. Indeed, for any scheme U over k, a fc"-morphism 
from U x s k n to A x en k n determines and is determined by a sequence of 
fc-morphisms from U to X ai , i — 0, . . . , n — 1. 



Buium calls his construction a differential "jet space", which conflicts badly with our termi- 
nology in several ways. 
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(d) Differential rings. Suppose £ is the §-algebra scheme given by £ (R) = 
R[r]]/(T] 2 ) with the standard fc-algebra structure. Suppose A; is a field of 
characteristic zero and S is a derivation on k and e(a) = a + S(a)rj. If X is 
the affine scheme Spec (k[xi, . . . x m ]/(Pi, . . . , Pt)), then the Weil restriction 
computations shows that t(X, £, e) is the affine subscheme of A 2 " 1 whose 
ideal is generated by P\(x), . . . , Pt(%) together with 
171 ft 

i—l 

for j = 1, . . . , t, where P 5 is obtained from P by applying S to the coeffi- 
cients. So if X is over the constants of 6 then this prolongation space is the 
tangent bundle. 

Definition 4.3. By the canonical morphism associated to t(X, £, e), denoted 

r* e :T(X)x k £(k)^X, 

we mean the composition of the £(fc)-morphism t(X) Xk£(k) — > Xxk£ e (k) given by 
the representability of the Weil restriction (cf. Proposition ^. ip and the projection 
X x k £ e (k) -s-X. 

Remark 4.4. The canonical morphism e : t(X) x k £{k) — » X is not a k- 
morphism if we view t(X) x& £{k) as over k in the usual way. However we do 
have: 

r(X) x k £(k) — ^ X 




Spec (£(k)) 




Spec(fc) 

where e is the morphism of schemes induced by e : k — > £{k). 

As mentioned earlier, the prolongation space is characterised by the property 
that, for any /c-algebra R, t(X)(R) = (X x k £ e (k)^j . However, the following 

lemma gives another useful description of the i?-points of the prolongation. 

Lemma 4.5. For any k-algebra R, t(X)(R) ~ X{£ e (R)^. More precisely, the 
R-points of t(X) over k can be functorially identified with the £ e (R)-points of X 
over k. This identification is given by p i— > r£ e o (p x k £(k)j. 

Proof. First of all, the defining property of the Weil restriction implies that 

t(X)(R)=X x k £ e (k)(R® k £{k)) 
where the identification is obtained by associating to 

Spec( J R) t(X) 

the £ (fc)-morphism 

Spec (R ® fc £{k)) pXk£(k) > r (x) x k £(k) ^ X x k £ e (k) 
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where t(X) x k £(k) — ► X x k £ e (k) is given by the representability of the Weil 
restriction (cf. Proposition ^. On the other hand, 

X x k £ e (k)(R® k £(k)) =X(£ e (R)) 

Indeed, given 

Spec (R ® fc £{k)) *~ X x k £ e (k) 

consider the following diagram 



Spec (R (g) fc £(k)) X x k £ e (k) 




Spec(fc) Spec(fc) 



where e and s| are the morphisms on schemes induiced by e and s|, respectively. 
We see that composing q with the projection X x k £ e (k) — > X gives us the natural 
identification of the (i?Cg)fc£(fc)) -points of X x k £ e (k) over £{k) with the ( y R® k £(k))- 
points of X over k where R ® k £{k) is viewed as a k-algebra by 

k ^ £{k) *~ R ® k £{k) 

But £ e {R) is canonically isomorphic to Rx k £(k) with the above fc-algebra structure 
(cf.GHJ). Hence t(X)(R) = X(£ e (R)), as desired. □ 

The prolongation space construction is a covariant functor: If / : X — * Y is 
a morphism of schemes over k then r(/) = R>£( k )/ k (/ x k £ e (fc)) is the morphism 
given by the Weil restriction functor applied to / x k £ e (k) : X x k £ e (k) — > Y x k 
£ e {k). Alternatively, r(/) can be described on i?-points for any fc-algebra R, after 
identifying r(X)(R) with X(£ e (R)) and t(Y){R) with Y(£ e (R)), as composition 
with /. 

Proposition 4.6. If f : X —> Y is an etale morphism (respectively closed embed- 
ding, smooth morphism), then t(/) : t(X) — » t(Y) is etale (respectively a closed 
embedding, smooth). In particular, if X is a smooth then so is t(X). 

Proof. Weil restrictions preserve smooth morphisms, etale morphisms (Fact I2.4j) 
and closed embeddings (the latter is clear from the construction, see the proof 
of Proposition 12. ip . This is also true of base change. It therefore follows that 
the prolongation functor preserves all these properties. Since X being smooth is 
equivalent X Spec(fc) being smooth, it follows that t(X) is smooth if X is. □ 

There is a natural map V = Vg" e : X(k) — * r(X)(k) induced by e as follows: 
writing e as a fc-algebra homomorphism e : fc — > £ e (k) we see that it induces a 
map from the X(k) to X(£ e (k)). This, together with the identification r(X)(k) = 
X{£ e {k)) from LcmmaH^l gives us V : X(k) -> r(X)(k). 

Proposition 4.7. Suppose f : X — > Y is a morphism of schemes over fc. 



JET AND PROLONGATION SPACES 



11 



(a) The following diagram commutes: 

r(f) 



r(X)(k) 

X(k) J - 

(b) Suppose a G Y(k). Then r(X) V ( a ) 
r(/) : t(X)^t(Y) over V '(a). 



r(Jf a ), w/iere r(X) V ( a ) is the fibre of 



Proof. Identifying r{X)(k) with X (k ® e £(fc)) and r(T)(fc) with F(fc ® e £{k)), 
r(/) and / on fc-points are both given by composing with /. On the other hand, 
by definition, under the same identifications, and V y are both given by pre- 
composition with e : Spec (k ® e £(fc)) — > Spec(fc). Part (a) follows immediately. 

We check part (b) at i?-points for any given /c-algebra R. Under the canonical 
identifications, V(a) G r(Y)(k) is given by e(a) G y(£ e (fc)) as in the diagram 

Spec (£ e (k)) 




Thusr(X) V ( a )(i?) is identified with X £ ( a ) (f e (i?)) where X^ a) := X x Y Spec(£ e (k)) . 
On the other hand, under the same canonical identification, we have T(X a )(R) = 
X a (£ e (R)), where X a := X x Y Spec(fc). But note that X^ a) = X a x k £ e (k). and 
so X. (a) (£ e (R)) =X a (£ e {R)). " □ 



4.1. Comparing prolongations. Fix two finite free S-algebra schemes £ and T 
over a ring A, together with a ring-scheme morphism a : £ — > T over A. Suppose 
k is an ^4-algebra and e and / are such that (fc, e) is an £-ring, (k, f) is an .F-ring, 
and a o e = f (so that a k : £ e (k) —> T> (k) is a /c-algebra homomorphisms). For 
any fc-algebra R, since lifts a k , it follows that a fl : £ e (R) J-* (R) is also a 
/c-algebra homomorphism. 

Given a scheme X over A;, a induces a morphism of schemes a : r{X,£,e) —> 
r(X,J r ,f). Indeed, for any fc-algebra R, pre-composition with the induced mor- 
phism of schemes Spec (T^ (R)) — ► Spec(£ e (i?)) over k, in turn induces a map 
from X(£ e {R)) to X[T^{R)^ . We now point out some of the properties of this 
morphism. 

Proposition 4.8. (a) The following diagram commutes: 

t(X, £, e) (k) * t(X, T, f)(k) 




X(k) 
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(b) Suppose f : X — > Y is a morphism of schemes over k. Then the following 
diagram commutes: 

T £ (f) 

r(X, £, e) ^— * t(Y, £, e) 

& x & Y 
r(X, T, f) T ' (/) * r(Y, T, f) 

(c) If a : £ — > T is a closed embedding, then so is a : t{X, £, e) — » t(X, T , /). 

Proof. Part (a) is immediate from the definitions using the fact that a preserves 
the /c-algebra structures coming from e and /. 

We show the diagram in part (b) commutes by evaluating on i?-points for an 
arbitrary fc-algebra R. Making the usual identifications, we need to show that the 
following diagram commutes: 

X(£ e {R)) ^Y(£ e {R)) 



X(Tf(R)) *Y(Ft{R)) 

where the horizontal arrows are given by pre-composition with / itself, while the 
vertical arrows are given by pre-composition with Spec \T* (i2)) — > Spec (£ e (i?)). 
It is now obvious that this square commutes. 

For part (c), to say that a is a closed embedding means that there is a sub-§- 
algebra scheme B < T for which a induces an isomorphism between £ and B. As T 
is affine over A, B is defined as the kernel of some map of group schemes j3 : T — > 
for some N. Now, for any fc-algebra R, because a is an isomorphism between £ e (R) 
and B f (R), a induces an identification of X(£ e (R)) with X(B f (R)). That is, a is 
an isomorphism between t(X, £, e) and r(X, B, /). Note that X(B^(R)) consists of 
those -F^(i?)-valued points of X which happen to belong to B^(R) and this set is cut 
out by (3. These give us the equations expressing t(X, B, f) as a closed subscheme 
oiT{X,T,f). □ 

Lemma 4.9. The following diagram commutes. 

r(X,£,e)x k T(k) & ®' ld > r (X, T,f)x k T{k) 

id ®a 

r x 

-(X,£,e) x k £(k) ^X 



where r. . are the canonical morphisms of Definition ^. 3\ associated to the respective 
prolongations. 

Proof. Identifying £ = E> e£ and T = we take eo,...,e^ £ _i to be the stan- 
dard basis for £ and /o, . . . , ftj?—i to be the standard basis for T. We write 
a = (aj, . . . , a. ip), where the ax, ... , cti^ are linear polynomials in fg-variables. 

Covering X by affine open subsets, and using functoriality of the maps involved, 
it is not hard to see that it suffices to consider affine space X = Spec (fc[x]), where 
x is a (possibly infinite) tuple of indeterminates. We have identifications 

T(X,£,e)=Spec (k[y\) 
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where y = {yj)o<j<e £ -i is copies of x, and 

t(X,TJ) = Spec (fc[z]) 

where z = (zj')o<j'<^-i is copies of x. Taking global sections, we need to show 
that the following diagram commutes: 



k[y 



k[y] ® k £(k) 



id ®Q 



■ k[z] ® fe T{k) 
k[y] ® fe F{k) 



It is clear that these maps commute on constants, so it suffficcs to fix x E x and 
chase it. 



a* <g> id (r*jr f (x)) = 



On the other hand, 

id ®a(r! )e (a;)) 



a* <g> id ( ^2 z i' ® f?) 

j'=0 

t T -\ 

Otj'iVO, ■ ■ -,yt e -i) ® fj' 

j'=0 



id®a( ^ yj ® ej) 

3=0 

te-l 

Vj®a(ej) 

j=o 

X! v> Yl a j'( e j)fj' 

j=0 j'=0 
tjr-1 ie-\ 

j'=0 j=0 

l T -\ 

Y a i'(yo, ■ ■ -,yt e -i) ® fr 

j'=0 



as desired. 



□ 



4.2. Composing prolongations. Fix two finite free §-algebra schemes £ and T 
over a ring A. For any A-algebra R, the i?-algebra structure on J-(R) makes it into 
an A-algebra as well, and hence it makes sense to consider £(j : (R)j). This inherits 
an i?-algebra structure via 



r HR) £ - £{HR)) 
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Moreover, £(T(R)) is thereby finite and free over R witnessed by the i?-linear 
isomorphism 



■ T{R) 1 



{R l 



Let £ T denote the corresponding finite free §-algebra scheme. So for any A-algebra 
R, £T{R) = £( y J 7 (R)), and and tpgjr are the above displayed compositions. 

Remark 4.10. Note that £T is canonically isomorphic to £ ®% J-, and hence to 
T£ , as an S-algebra scheme. Indeed, this is just Remark l3.2l given an A-algebra R, 
£( y J 7 (K)) is canonically identified with £(R) <3rJ-(R). The induced isomorphism 
between F{£(R)) and £{T{R)) can be described in co-ordinates by 



F(£(R)) 



E{HR)) 



{R l£ Y 



where (R e£ ) 1 ^ — > (R i:F ) l£ is the natural co-ordinate change. 

Now fix an A-algebra k euipped with an £-ring structure (fc, e) and an J-"-ring 
structure (/c, /). Consider the £J--i'va.g structure on k given by the composition of 
e with £ (/), 

£(/) 



■ £(k) 



£{T{k)) 



We denote this homomorphism by ef : k — > £J-(k). 

Lemma 4.11. The k-algebras £T e ^ ' (k) and £ e {T^ (fc)) are naturally isomorphic. 
More precisely, there is a canonical ring isomorphism 7 : £J-(k) — > £{k) <E>k J 7 * (k) 
such that the following commutes: 

7 



£T{k) 



ef 



£{k) ® k F f {k) 



■£{k) 



Proof. By Remark [3J2 with R = T f {k), we have a canonical identification of 
£(j-f(k)^J with £(k) Cg)fc J-'{k). On the other hand T(k) and ^F^(k) are identical as 
A-algebras and hence £(J-(ti)) and £(j-*(k)) are canonically isomorphic as rings. 
Hence we obtain a canonical ring isomorphism 7 : £{j r {k)) — > £ (fc) ®fc J 7 ^ (fc). Now, 
since ef = £(/) o e, the desired commuting square reduces to showing that 



£{Hk)) 



£{k) ® k T f {k) 




£(k) 



commutes. But this is just the fact that £ [T' (£;)) identifies with £ (k) ®k ^(k) 
even as an £ (fc)-algebra (cf. Remark EO)) . □ 
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We wish to describe, in terms of Weil restriction, the composition of the £- and 
^"-prolongations . 

Proposition 4.12. Suppose X is a scheme over k. Then 

T(r(X,£,e),F,f) = r{X,£T,ef) 

That is, the T -prolongation of the £ -prolongation of X is the Weil restriction of 
X x e f £T(k) from £J-(k) to k. Moreover, under this identification, 

V F ,j o V £ , e : X(k) -> t(t(X, £, e),T, f) (k) 

becomes 

V E r,ef :X(k)^T(X,£T,ef)(k) 

Proof. For ease of notation, let S := £(k) ® k J 7 ' {k). Given any scheme U over k 

t^(t £ (X))(U) = R nk)/k (R £{k)/k (Xx k £ e (k))x f F(k))(U) 

= R^(fc)/fc (Rs/^(fe) (X x k £ e (k) x £ (k) S))(U) 

= Hom r(fc) (U x k T(k),R s/ f {k) (X x k £ e (k) x £{k) S)) 

= Rom s (Ux k S,Xx k £ e (k) x £(k) S) 

where the second equality is by the compatibility of Weil restrictions with base 
change (cf. Fact 12. 3[) . Now, applying the ring isomorphism 7 : £(J r (k)j — ► S given 
by Lemma 14.111 and keeping in mind the commuting square given by that lemma, 
we see that this last representation of {t £ {X ))(£/) identifies with 

Hom £Hk) (U x k £T{k).Xx e} £T{k)) 

which is R £F ( k ))/k [X X e / £J-(k))(U) as desired. 

For the moreover clause, first note that under the identification 

r(r(X, £, e), ?, f) (k) = r(X, £, e) (k)) 

Vjr./ is by definition precomposition with /* : Spec(fc) — ► Spec (J-* (&))• Then, un- 
der the further identification of t(X, £, e)(k) with X(£ e (k)} and of t(X, £, e) [F* (fe)) 
with X(£ e {T^ (fe))), it is not hard to see that V F j becomes precomposoition with 
(/ ®* . Hence Vjf / o V £ , e , viewed as a map from X{k) to X (£ e (JF? (k))) is 

just precomposition with ((/ <gi k £(k)) o e) . Now, applying 7 from Lemma l4.11[ 
(f® k £(k)) oe : fc — ► £(k)® k J r f(k) transforms to e/ : k — > £T{k), and precomposi- 
tion with (e/)* is by definition V £F , e f- So V^,/ o V£ >e identifies with V £F , e f- O 

Corollary 4.13. Prolongation spaces commute. That is, T\T(X,£,e),J-,f) is 
canonically isomorphic to t(t(X, J 7 , /), £ , e) 

Proof. This is immediate from Proposition 14. 121 and Remark l4.10l □ 
Lemma 4.14. The following diagram commutes. 

r(X,£T,ef) x k £T{k) 




r{X,£,e) x k £{k) 
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where r\ . are the canonical morphisms of Definition ^ -3\ associated to the respective 
prolongations. 

Proof. We make the usual abbreviation of t (X) for t(X, £, e). 

Remark 4.15. Since rZp^ : \t £ (X)) x k F{k) — > t £ (X) is not a morphism 
over k in the usual sense (cf. Remark l4.4[) . we need to make clear what we mean by 
Tj: j x k £{k). First of all, we use Proposition 14. 121 to identify t £:f (X) x k £F{k) 
with r jr (r £ (X)) x k £[T(k)). Now consider the J^"(fc)-morphism t^t^X)) x k 
T(k) — > t £ (X) Xk F*(k) given by the Weil restriction. We can base change it up 
to £{F(k)) to get an J r (fc)-morphims 

a : t^(t £ (X)) x k T{k) x F(k) E(T{k)) — » t £ (X) x k F f (k) x r{k) £{T{k)) 
Next, considering the following commuting diagram of k- algebras 

F{k) ^£{T{k)) 

f £(f) 

k *-£(k) 

we have that t £ (X) x k T f {k) Xjr {k) £{T{k)) =t £ (X) x k £(k) x £{f) £(T(k)) , and 
so we can compose a with the natural projection 

b : t £ (X) x k £{k) x £(}) £{?(k)) - r £ (X) x k £{k) 
So r T J} f X) x k £(k) :t j: {i £ {X)) x k £(T(k)) -» t £ (X) x k £(k) is bo a. 

Now we proceed with the proof of Lemma l4.14l Identifying £ = §^ £ and T = S i:F 
we take eo, ■ ■ ■ , ei £ -\ to be the standard basis for £ , /o, . . . , fe^-i to be the standard 
basis for !F, and {ej <g> fy : < i < £e,0 < j' < £f} the corresponding standard 
basis for £T = £ . 

Covering X by affine open subsets, and using functoriality of the Weil restric- 
tions, it is not hard to see that it suffices to consider X = A£ = Spec (fc[x]J, where 
x is a (possibly infinite) tuple of indeterminates. We have identifications 

T (X,£,e) = Spec(k[y]) 

where y = {yj)o<j<i £ -i is ig copies of x, and 

r{X,ET,ef) = Spec(fc[z]) 

where z = (zj,f)o<j<e. £ -i,o<j'<i^-i is IsIf copies of x. Taking global sections we 
need to show that the following diagram commutes: 



k[z] ® k £T(k) 




k[y] ® k £{k) 
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Let us first check this on constants a £ k. Going clockwise we have a i— » 1 ® e/(a). 
Going counter-clockwise we have that a i— ► 1 ® e(a) i— » (rj- £^ x fc f (fc))*(l (8) e(a)) 
Now, using the explanation of what rj- j"^ Xj, £ (fc) is in Remark l4.15i and the fact 

that £(/)(e(a)) = e/(a) by definition, we see that (ry Xk £(k))*(l ® e(a)) = 
1 ® e/(a). So the diagram commutes on constants. 

It remains to chase fixed x £ x. Going clockwise we have x i— > Zjj/ ® (ej ® /j/ ) . 

Going counter-clockwise, x i— > (r^ j Xfc£ (fc)) * ( ^ Uj® e j) ■ Since (ry = 

i 

® /j', we have that the diagram commutes on each x G x, and hence 

j' 

commutes. □ 



4.3. The structure of the prolongation space. In this section we specialise to 
the case when fc is a field and in this case describe the structure of the prolongation 
space. Fix a finite free §-algebra schemes £ and an £-field (fc, e). 

Proposition 4.16 (fc a field). There exist finite free local S-algebra schemes T\, . . . , T t 

t 

with ring homomorphisms fi'.k—* J-; t {k) such that t(X, £, e) = j^J t(X, /,•), for 

i=i 

any scheme X over fc. 

Proof. The ring £{k) is an artinian fc-algebra and hence can be expressed as a 
finite product of local artinian fc-algebras, say B\, . . . ,B t . After choosing bases, 
we obtain, for each i = l,...,t, finite free §-algebra schemes T% over A such 
that J~i(R) = Bi (gife R for any fc-algebra R. Let fi : k — > !Fi{k) be the com- 
position of e : fc — > £(fc) with the projection £(fc) — > Bi = Ti(k). It is not 

t 

hard to see, using Remark 13.21 that for any fc-algebra R, £{R) = TT.T^ii) and 

i=l 

t t 

£ e {R) = \\^H R )- Hence, T(X,£,e)(R) = X(£ e (i?)) = X(J| ^/'(i?)) = 

i=l i=l 
t t 

Y\_ X{fFl x (i?)) = (TTr(X, !Fi, fi)^(R). These identifications being functorial in 

i=l i=l 

t 

all fc-algebras R, we get t(X, £, e) = J^J r(X, J^, as desired. □ 

»=i 

Proposition 14.161 largely reduces the study of prolongation spaces (over fields) 
to the case when £ is local. The following proposition describes the structure of 
the prolongation space in the local case under the additional hypothesis that the 
residue field is the base field. 

Proposition 4.17. Suppose k is field and£(k) is a local (finite free) k-algebra with 
maximal ideal m and such that £(k)/m — fc. Let d be greatest such that m d ^ (0) 
(by artinianity) . Consider the sequence 

£ = £ d —* £d-i £\ — > £q = S 
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where £i(k) — £(k)/m t+1 and pi : 8i+\{k) — > £i(k) is the quotient map. Let e% := 
Pi o • • • o pd-i o e : k — ► £i(k) be the induced £i-field structures on k. (So ed = e and 
eo is an endomorphism ofk.) 

Let X be a smooth and absolutely irreducible scheme over k, and consider the 
induced sequence of morphisms 

t(X, £, e) -» t(X, £ d - u e d ^) -> > t(X, £ x ,e x ) -» 

where X e ° = t(X, £q , eo) is the transform of X by eo . Then for each i = 0, . . . , tf — 1 , 

(a) i t{X, Si, ej) is smooth and absolutely irreducible, and 

(b) i T(X,£i + i,e.i + i) — > t(X, fj,e,) is a tors or for a power of the tangent bundle 

of X e ° . That is, letting to = dim/<- (m 1+2 /m I+1 ), i/iere is a morphism 

(TX e °) m x x «o r(X,f i+1 ,e i+1 ) - r(X, e i+ i) 




r(X,£ i ,e i ) 

smc/i that for every b G r(X, £j,ej) wit/i image a G JT e °, 7^ defines a prin- 
cipal homogeneous action of (T a X e °) m on t(X, £i+i, e;+i)h. 
In particular, r(X,£,e) is smooth and absolutely irreducible. 

Proof. Note that since £o{k) = k, cq is an endomorphism of k, and so t(X, £0, eo) = 
X e ° by Example I4.2f c). Hence t(X, £o,eo) is smooth and absolutely irreducible. 
Now observe that (a)o together with (a)j and imply (a)i+i. Hence it will suffice 
to show that (a), implies 

We assume that t(X, Si, ei) is smooth and define the action 7 uniformly on the 
fibres. We will work at the level of i?-points where R is a fixed arbitrary fc-algebra. 
Let I := ker (£(R) -> £ (-R) = R)- Then P+ 2 = kcr (£(R) -> £ i+1 (R)). Note that 
(m l+1 /m i+2 ) ® k R = I i+2 /I l+1 . So if vi, ...,v m is& fc-basis of (m i+1 /m i+2 ) then 
p+2 jp+i j s a f ree i?- m odule with basis u>i = V\ ®k 1r, . . . , w m — v m ®k 1-R- 

Working locally we may assume that X is affine, defined by a sequence of poly- 
nomials g := (gi ... ,g r ) over k. Let b G t(X, £i, ei)(R) — with image 
a G T(X,£ ,e )(i?) = X e «(R) = X(£q°(R)). By smoothness of T(X,£ u ei) we can 
lift b to an element of X (SS^ 1 (i?)) ■ Let c be any such lifting of b. We view c as a tu- 
ple of elements in £(R) representing elements of £(R)/T l+2 such that c = 6 mod L l+1 
and g e (c) — 0mod/ l+2 , where g e denotes the sequence of polynomials over £{k) 
obtained from g by applying e to the coefficients. Given y = (yi,---,y m ) G 
(T a X eo ) m (R) we need to define 7(1/, c). Observe that dg e a a (y.j) = for all j = 
1, . . . , to, where <? e ° denotes the sequence of polynomials obtained from g by apply- 
ing eo to the coefficients. Hence if we set j(y, c) := (c + yiW\ + ■ ■ ■ y m w m ) mod I %+2 
then 7(2/, c) also lifts 6 and 

g e (l{y,c)) = g e (c + yiWiA y m w m ) mod L l+2 

m 

= g e (c) + (J2dg e a °(y j )w j ) mod P+ 2 

2=1 

= mod J i+2 

so that 7(2/ , c) G X (f ^"j 1 (i?)) . Conversely, if c and c' both lift b then c' = c mod J* +1 
and so c' = (c + J/itfi + • ■ • y m w m ) mod/ I+2 for some y±, . . . , y m G R. The same 
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calculation as above shows that each yj is an i?-point of the tangent space to 
X e ° at a. That is, 7 defines a principal homogeneous action of (T a X e °) m {R) on 



Corollary 4.18 (k a field). The prolongation space of a smooth and absolutely 
irreducible scheme is itself smooth and absolutely irreducible. 

Proof. First of all, by Proposition ^. 161 it suffices to consider the case when £(k) is a 
local fc-algebra. If the residue field is k then Proposition ^. 1 71 describes the complete 
structure of the prolongation space, and shows in particular that it is smooth and 
absolutely irreducible. In general, the residue field, £o(k) in the notation of 14.171 
may be a finite extension of k. The proof of Proposition 14.171 still goes through 
except for the description of the base t(X, £o,eo). That is, we obtain the same 
description of the fibrations t(X, £ ej+i) — * t(X, £i, ef) for i — 0, ...,d— 1, 
but now as torsors for a power of the tangent bundle of t(X, £o,eo). Hence, to 
prove the Corollary we need only prove that t(X, £o,eo) is smooth and absolutely 
irreducible. But by definition t(X, £o,eo) = R-£ (fc)/fe x k £q°(A;)). Now base 
change to a field extension preserves smoothness and absolute irreducibility, and in 
general Weil restrictions preserve smoothness (cf. Fact I2.4|) . The Corollary then 
follows from the fact that if if is a finite field extension of k and Y is a smooth 
and absolutely irreducible scheme over K then the Weil restriction Rwi(Y) is 
absolutely irreducible. □ 

Remark 4.19. As can be seen already at the level of tangent spaces, without 
smoothness, absolute irreducibility is not necessarily preserved under prolongations. 



There are various kinds of "jet spaces" for algebraic varieties in the literature. We 
will settle on one notion, essentially the linear space associated with the sheaf of 
differentials, and recall a number of its fundamental properties. With the reader 
unfamiliar with this literature in mind, we will provide proofs of these well-known 
results. 

We begin with some simple observations in commutative algebra. 

Lemma 5.1. Given a ring C suppose R and B are C '-algebras and D is an ideal of 
R. For any neN, let ir n : R ®c B — > [R/ D n ) <g>c B be the quotient map tensored 
with B. Then ker(7r„) = (ker7ri) n . 

Proof. This is a straightforward computation using the fact that ker(-7r„) is gener- 
ated by elements of the form r ® b where r G D n . □ 

Lemma 5.2. Fix a ring A and A-algebras B and C , together with a map of A- 
algebra a : C — > B. Let J be the kernel of a (8) id : C ®a B — > B. We regard 
C ®a C as a C -algebra via multiplication on the left. Let D be the kernel of the 
C '-algebra map C®aC —> C given by x®y 1— > x-y. Then the B-algebra isomorphism 
f : (C (&a C) (81(7 B — > C ®a B given by {x®y)®b^ y® a{x) ■ b induces a B-linear 
isomorphism between (£)/Z?™ +1 ) ®c B and J/J n+1 . 




T(X,£ i+1 ,e i+1 ) b (R). 



□ 
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Proof. A simple diagram chase shows that the following diagram commutes: 
(C ® A C) ® c B — »- C (g>A B 

TT P 

[(C ® A C)/D] ® c B -^-»- (C ® A B)/J 

where 7r is the quotient map tensored with B, p is the quotient map, and the bottom 
isomorphism is the natural identification of both rings with B. It follows that if we 
let D = kerTr then f(D) = J. So f(D n+1 ) = J n+1 for any n. On the other hand, 

D n+1 = ker (C ® A C)® C B-+ [(C ® A C)/D n+1 ] ® c B) 

by Lemma I5TT1 It follows that / induces a B-algebra isomorphism between [(C®a 
C)/D™ +1 ] ®c B and (C ®a B)/J n+1 , which restricts to an isomorphism between 
(D/D n+1 ) ® c B and J / J n+1 , as desired. □ 



Let us now fix a scheme X over a ring k. 

Definition 5.3. Consider Ox ®fc Ox as an Ox-algebra via f ■ {g®h) := (fg) ® h. 

(a) By the sheaf of n th co-jets on X we will mean the coherent Ox-module 
coJ x 1 ^ := X/T n+l where T is the kernel of the Ox-algebra map Ox ®k 
Ox — » Ox given on sections by / ® 5 1— > / • g. 

(b) The n th jet space over X, denoted by Jet n (X), is the linear space associated 

to coJyp. 

That is, Jet n (X) — > X respresents the functor which associates to every X-scheme 
.9 : F -> X the set Hom 0y (g* co J { ^\ O y )E 

We recall the (local) construction of the the linear space associated to a coherent 
sheaf T on a scheme X. Working locally, let us assume that X = Spec(A) and that 
T has a finite presentation over X given by the exact sequence 

Ap^+A" — tr(x,j-) — ^0 

Writing a = (ay) as a p x g matrix over A, Xj 1— > X)?=i a ij?/i determines a map 
A[:Ei, . . . , x p ] — > . . . ,y q ]. Taking spectra we obtain a map of group schemes 

(G x )« (G a x ) p 




X 



The linear space L(T) — > X associated to is the kernel of a* as a group subscheme 
of {Gj x ) q ~* Note that in the case when T is locally free, the linear space 
associated to T is dual to the vector bundle associated to T . 

2 Some discussion of the terminology here is warranted. Our jet space is closely related to, 
but different from, Kantor's [4] "sheaf of jets": he does not take the associated linear space, but 
rather works with the sheaf itself. Moreover, his sheaf of jets is (Ox <8>fc Ox) /I n+1 while our 
sheaf of co-jets is X/I n+1 . Our jet spaces also differ, more seriously, with Buium's [2] "jet spaces" , 
which are what we have called arc spaces (in the pure algebraic setting) and what we have called 
prolongation spaces (in the differential setting). Our co-jets coincide in the smooth case with the 
sheaf of differentials of Grothendieck pj]. 
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Remark 5.4. (a) If X is a smooth and irreducible then so is Jet n (X). 

(b) Jet spaces commute with base change: Jet n (X x k R) — 3et n (X) x k R for 
all fc-algebras R. 

(n) 

Proof. Smoothness of X implies that coJ x is a locally free sheaf on X, and so the 
linear space associated to it is dual to the associated vector bundle. In particular, 
if X is smooth then 3et x is a vector bundle over X. 

For part (b), setting f : X x k R ^ X to be the projection, we first observe 
that coJ x\ r = f*coJ x l \ Fix U an affine open set in X and let p be the natural 
quotient map 

[O x (U) ® fe O x (U)\ ® k R^ [(O x (U) ® fe O x (U))/l(U)] ® fc it- 
Identifying [Ox (U) ® fc O x (U)] ® fe R = (Ox (U) ® k R) ® R (O x (U) ® fc R}) and 
[(O x {U) ® k O x {U))/l{U)\ ® k R = O x {U) ® k R, we see that p coincides with 
(a <g> r) ® (b (8) s) i — ► a6 ® rs. Hence, using Lemma I5TT1 we see that 

coJxl kR (U XkR) = kerp/(kevp) n+1 

= [l(U)/l n+1 {U)\® k R 
= f*coJ%\Ux k R) 
So coJ X y kR = f*coJ x \ Taking linear spaces of both sides, we get 

Jet"(X x k R) = Jet"(X) x x (X x k R) = 3et n (X) x k R 
as desired □ 

Definition 5.5. Given a scheme S over k and a morphism p : S — > X, we denote 
by Jet"(X) p the scheme Jet ra (X) x^S and we call it the n th jet space of X at p. 

Note that Jet n (X) p is the linear space over S associated to the Og-module 
p*coJ x = p~ 1 coj'" x l ® p -iq x Os- The following proposition gives an alternative 
and useful presentation of p* coJ x ^ . 

Proposition 5.6. Suppose S is a scheme over k and p : S — > X is an S-point of 
X . Let J v be the kernel of the Os-algebra map p* ® id : p~ l Ox ®k Os — > Os- 
Then for each n, p* coJ x is naturally isomorphic to J v j ' J™ +1 . It follows that 

Jet n (X) p (S) - Hom 0s (j p /J r p t+ \O s ). 
In particular, if k is a field and p 6 X{k) then 

Jet n (X) p (k) = Hom fc (m p /m™ +1 , k) 
where m p is the maximal ideal at (the topological point associated to) p. 

Proof. We describe an isomorphism p*coJ x — > J p j ' J p +1 on sections. Fix an open 
set U in S and an open set V in X containing pill). Let ay : Ox(V) — > Os(U) be 
the composition of the map from Ox(V) to Os(p~ 1 (V)) induced by p together with 
the restriction from Os(p~ 1 {V)) to Os(U). Note that p" on U is obtained as the 
direct limit of ay as V ranges over open subsets of X containing p(U). Moreover, 
J P {U) is the corresponding direct limit of Jy := ker(ay ® id). Now Lemma [5.21 
applied to (yl = k,B = Os{U), C — Ox{V), a = ay) yields a natural isomorphism 
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[2(V)/T l+1 {V)] ®o x (V) O s (U) — ► Jv/Jy +1 Taking direct limits we obtain an 
isomorphism p* co J { £\u) = p~ 1 co J%\u) ® p -i 0x (u) O s {U) -> J P /j; i+1 {U). 

As mentioned earlier, Jet n (A) p is the linear space over S associated to p*coJ x l \ 
Hence, 

Jet"(X) p (S) = Eomo a {p*coJ%\O s ) 
= Rom 0s (j p /j; i+ \O s ) 

as desired. 

Finally, if k is a field and p G X(k) then setting S — Spec(/c) and applying the 
above result yields that Jet"(X) p (fc) = Homt (m p /m™ +1 , fc). □ 

The jet space construction is a covariant functor: If / : X — > Y is a morphism of 
schemes over k then we have the induced Ox-algebra map f*coJy^ — > coJ^ and 
hence a morphism of linear spaces over X, Jet"(X) — > Jet n (F) Xyl, which in turn 
induces Jet n (/) : Jet"(X) ->■ Jet n (Y) over /. At the level of S-points, under the 
identification given by Proposition [521 J e t"(/)p is the one induced by the natural 
map p _1 (/ tl ) : f(p)^ 1 (Oy) —* p~ x Ox- It is routine to check that if / is a closed 
embedding then so is Jet™(/). 

Lemma 5.7. Let f : X <—* Y be a closed embedding of affine schemes over a field 
k. Let p G X{k) be a k-rational point. Then the image Jet n (/) ( Jet"(A) p (A:)) is 

{V; G Honifc (tny,/(p) / m yj\p) ' *0 : W) = /° r «^ / 6 'PO ' 
Proof. Let /* : Oyj( p ) —>■ Ox. P be the associated homomorphism on local rings. 
Read through the identification of Jet n (X) p (k) with Hom.k(mx, P /vx x + p t k), the map 
Jet™(/) is given by^^ipof*. Since ker(/*) = I{X)-O yj{p) and Im(/*) = O x , P , 
this proves the lemma. □ 

Corollary 5.8. Suppose Z is an algebraic variety (i.e. a separated, integral scheme 
of finite type) over a field k. If X and Y are irreducible closed subvarieties over k, 
and p G X(k) n Y(k) has the the property that 3et n (X) p = Jet"(Y) p for all n G N, 
then X =Y. 

Proof. If U C Z is a dense open affine containing p and U PI X = U n Y, then 
X = Y. Thus, we may assume that Z is affine. We show now that I(X) C I(Y). 
The opposite inclusion is shown by reversing the roles of X and Y. If / G I(X), then 
by the description of the image of the Jet n (X) p (k) in Jet n (Z) p (k) from Lemma 1^771 
every element of Jet n (X) p (k) < Homifmz^/ra'^ 1 ,/;) vanishes on /. As Z (and, 

hence, the local ring O z , P ) is noetherian, Q (m^ 1 + I(Y) ■ O z , P ) = I(Y) ■ £>z, P - 

n>0 

If / ^ ^(Y), then as I(Y) is primary, / ^ -f(Y) ■ Oz, p . So, for some n we have 
/ ^ tn^ 1 + J(Y") • Oz, P - Again by the description of the image of Jet n (Y) p (fc), there 
would be some element of the image which did not vanish on /. Since Jet n (X) p (fe) 
and Jet n (Y) p (k) have the same image by assumption, this is be impossible. □ 

Lemma 5.9. Suppose f : X — > Y is a dominant separable morphism of varieties 
over a feild k. Then Jet n (/) : Jet n (X) — > Jet n (Y) is a dominant morphism. 

Proof. We may take k = fc alg . As / is dominant and separable, there is a dense 
open U C X on which / is smooth. That is, for every point p G U(k) the map 
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/* : my,/(p) /my, f (p) ~ * m x,p/™-x. P 1S injective. It follows that for every n > 
that the map /* : m Y .f(p)/m^ r ^ — > ™-x, P / m x + p 1S injective. Hence, taking duals, 
Jet n (/) p : Jet n (X) p (k) -> Jet"(V) /(p) (fc) is surjective. As f(U(k)) is dense in Y, 
we have that Jet™(/)( Jet n (A)(fc)) is Zariski-dense in Jet"(F). □ 

Lemma 5.10. Suppose f : X — > Y is an Stale morphism of schemes of finite type 
over a field k. Then Jet™(/) : Jet™(A) — > Jct"(y) is etale. Moreover, if R is a 
k-algebra with Spec(i?) finite, and p : Spec(i?) — > X is an R-point of X over k, 
then Jet"(/) p : Jet n (X) p — > Jet™(y) is an isomorphism. 

Proof. Since / is etale, for every topological point q € X, f induces an isomorphism 
of finite dimensional fc-vector spaces, m /(g)/ m ™( g ) — * m g/ m ™j I0r au m > 0. Now 
for each x G Spec(i?) we have the associated local fc-algebra homomorphisms p\ : 
£>x, P (x) -> Rx- Set J Px := ker (p| ® id : O x 

®fc -Rr — ► -Rx)- Specialising 
Proposition 1 5 . 61 to the case of S = Spec(i?) we see that 

p*cojP= jpjj;^ 

x£Spec(i?) 

and 

f(p)*cojP= J m JJ%l 

a:£Spec(fl) 

Hence it suffices to show that for each x G Spec(i?), / induces an ismorphism 
between Jf(p)^/ JfM anc ^ Jp*/JpJ~ 1 - Since the maximal ideal m x in R( x ) must be 
nilpotent, Jp x +1 contains tn^^ ® 1 and Jff^ contains m f( p )( x ) ® 1) f° r some £ > 0. 
But / does induce an ismorphism {Ox, P ( x ) 

^)/( m /( p )( K ) ® 1) which will take Jp x +1 to ■J/iva-v So / induces an isomorphism 

between f(p)*coJ^ and p*coJ^, and hence an isomorphism between Jet n (F) f( p ) 
and Jet n (X) p , as desired. 

The first part of the lemma now follows on general grounds. To show that Jet ra (/) 
is etale we need to check that it is smooth and of relative dimension zero. These 
properties are local. As on the base Jet n (/) is simply / which is etale and Jet™(/) 
is an isomorphism fibrewise, Jet n (/) is of relative dimension zero. For smoothness 
consider the following diagram for any point p £ Jet™(X)(fc alg ) lying above some 
point p e A(fc al s): 

T P ( Jet"(A) p ) %(Jet " (/ V T Jetn/)(a (Jet n (Y) m ) 



T p 3et n (X) rfWct " (/) * T Jet n (m) Jet n (Y) 



T p X — ^ T f( P ) Y 

As Jet n (/) restricts to isomorphism between 3et n (X) p and Jet"(Y) fu,-s we see that 
d p (Jet"(/) p ) is an isomorphism between T p (3et n (X) p ) and Tjet" (f)(p) (Jet n (F) /( p )) • 
As / itself is etale, d p f is an isomorphism between T p X and Tft p \Y. Hence, 
dp Jet n (/) is an isomorphism and so Jet n (/) is etale. □ 
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Remark 5.11. It follows from Lemma [5.101 that if U is a Zariski open subset of 
X then Jet" U -> U is the restriction of Jet™ X -> X to U. 



5.1. A co-ordinate description of the jet space. Let X C Af be an affinc 
scheme of finite type over a ring k. We wish to give a co-ordinate description of 
3et n (X) as a subscheme of Jet n (A£). 

If x = (xi, . . . , a^) are co-ordinates for A| then r(A^, coJ^) — J/ J n+1 where 

J is the ideal in fc[x, x'] generated by elements of the form zi := (x[ — Xi). Setting 

i 

z = (zi, . . . , zf) we have that z = x' — x. Now let A := {a G N e : < a, < n}. 

i=l 

We use multi-index notation so that for each a 6 A, z a := J^ 2 ^- Note that 

i=l 

J/J n+1 is freely generated as a fc[x]-module by {z a (mod J n+1 ) : a G A}. That is, 
Jet n (A|) is the affine space Spec [k[x, (z a ) ae \\). 

Suppose X = Spec (k[x]/l). Now T(X, coJ<£ } ) = {J II') / {J n+1 II') where I' is 

just / in the indeterminates x'. As a fc[x] //-module T(X, coJ ^ ) is generated by 
the image of (z a (modJ" +1 ) : a G A}. By the construction of linear spaces, to 
describe iet n {X) we need to describe the relations among these generators. The 
relations are obtained by writing P(x'), for each P G /, as a fc[x]-linear combination 
of {z Q (mod J" +1 ) : a G A} in k[x,x']/J n+1 . 

To this end, for each ael' let D a be the differential operator on k[x] given by 



^(E^H E *(f) 



That is, for any P G fe[a:], P(x + z) = ^(P Q P)(x)z Q . Note that if a! := a x \ 



\ . . 



■ Ctg\ 



1 9l Q l 

is invertiblc in k then D Q is just the differential operator — - . Now 

a! dx" 1 ■ • • dx" e 

consider P(x) = ^ '"^x' 3 G /. Then 

P(x') = P{x + z) 



£(P/*P)(x) 



z 



J2(D a P)(x)z a modJ n+1 



We have thus shown: 



Proposition 5.12. With the above notation, if X — Spec(fc[x]/J) then as a sub- 
scheme of the affine space Jet"(A^) = Spec (k[x, (z q )qga]), Jet n (X) is given by the 
equations: 

P(x) = 

Y / (D a P)(x)z a = 

«eA 

for each P G I. 
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Remark 5.13. The co-ordinate description of the jet space given by Proposi- 
tion [5TT2] agrees with the way that jet spaces of algebraic varieties are defined in [6]. 



6. Interpolation 

In this section we introduce a natural map that compares the jet space of a prolon- 
gation to the prolongation of the jet space. This morphism will allow us, in a sequel 
paper, to define the Hasse-differential jet spaces of Hasse-differential varieties. 

Fix a finite free §-algebra scheme £ over a ring A, an A-algebra k, an ^4-algebra 
homomorphism e : k — > £ (k), and a scheme X over k. Let t(X) = t{X, £, e) be the 
prolongation of X with respect to £ and e. (Recall that our standing assumption 
is that this prolongation space exists, which is the case for example when X is 
quasi-projective.) Fix also m € N. We construct a map 

^, e :Jet m (r(X))-r(Jet m (X)) 

over X, which we will call the interpolating map of X (with respect to m, £, and 
e). We will define cf>* £ e by expressing its action on the i?-points of Jet m r(X), 
for arbitrary fc-algebras R. It should be clear from the construction, and will also 
follow from the co-ordinate description given in the next section, that <fy^ £ is a 
morphism of schemes over k. 

Our map will be the composition of two other maps which we now describe. 
Suppose p : Spec(i?) — > t(X) is an i?-point of t(X) over k. Then p £(k) : 
Spec (£(R)) -v t(X) x fc £{k) is an £ (i?)-point of t{X) x k £(k) over £{k). 

Lemma 6.1. Base change from k to £{k) induces a natural map 

« == < P £,e : (r{X)) p {R) — > Jet™ (r(X) x fc f (fc)) pXjt£(fc) (5 (#)) 

Proof. Recall that Jet™ (r(X)) (iJ) = Kom R (p* coJ { ™ x) , R) and 

Jet™ (rpf) x k £(k)) pXk£(k) (£(R)) = Hom £(JJ) ((p x fe £{k))* {coJ^ X)Xk£(k) ), £ (R)) 

= Rom s{R) (p*coJ { ™ x) ® fe £(k),£(R)) 

where the identification (p x k £(^))*( C0 ^T(x)x fc f:(fc)) = P* co ^t{x) ® fc 1S by 
the fact that c °J^™x)y. k £(k) IS J us ^ ^ ne P u ^ back of coJ^jL under the projection 
t(X) x k £(k) ^t(X)." 

Now define u to be the map that assigns to the i?-linear map v : p* coJ^™ x ^ — > i? 

the £(i?)-linear map ^ ®fe £(fc) : P*coJ^™ x ^ ®fc — > £ (i?). That is, u is given by 
base change. □ 

Under the usual identification p corresponds to an £ e (i?)-point of X over k, 
p: Spec(£ e (R)) -> X. 

Lemma 6.2. Applying the Jet m functor to r £e : t(X) x k £(k) — > X, the canonical 
morphism associated to t(X), induces a map 

« : = : Jet ™ X fe £ ( k )) pXk£{k )( £ ( R )) ~ > Jct m (X)p(^(i?)) 
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Proof. Note that as £ (fc)-algebras £(R) = £ e (R). So p Xk £(k) can also be viewed 
as an £ e (i?)-point of t(X) x& £(k) over £ (k). 

Applying the jet functor we get Jet m (r£ e ) : Jet™ (t(X) x k £(k)) -> Jet m (A). 
Since p = r^f e o (p x j, - see Lemma 14.51 - this morphism restricted to the fibre 

at the £ e (i?)-point px k £(k) yields a morphism 

Jet™ (r(X) x k £(k)) pXk£(k) — Jet" 1 ^ 

Evaluating at £ e (i?)-points yields the desired map v. □ 

Our interpolating map is now just the composition of the maps given in the 
above two lemmas. More precisely, if p G t(X)(R) and v G Jet™ (r(X)j p (R) then 
we define our interpolating map by 

<t>m,S,e(Pi 1/ ) ■= (P'^OO))) 

where u is from Lemma 16. II and v is from Lemma 16.21 Note that 

e Jet m (X)(£ e (i?)) = r( Jet m (A))(i?) 

Depending on what we wish to emphasise/suppress, we may drop one or more of 

X 

m,£,e' 



the subscripts and superscripts on A x 



Lemma 6.3. The interpolating map <$\n£e ■ Jet m T(A) — > rJet m (A) is a mor- 
phism of linear spaces over t(X). 

Proof. That is a morphism of schemes over t(X) can be derived from the defini- 
tion, but also follows from the co-ordinate description given in the next section. 

First note that the prolongation functor preserves products and that 7~(§/.) = 
£k- Hence, it takes the S^-linear space Jet m (A) — > X to an £fc-linear space 
r(jet m (A)) — > t(X). The latter obtains an §fc-linear space structure from s : 
§ — > £. It is with respect to this structure that the lemma is claiming 4> is linear. 

It is clear from the definition of u and v in Lemmas 16.11 and 16.21 respectively, 
that for an arbitrary fc-algebra R, and an arbitrary i?-point p of t(X), u and v are 
i?-linear. Hence 4> is i?-linear on the i?-points of the fibre above p. As R and p 
were arbitrary, this implies that <f> is a morphism of linear spaces. □ 

The fundamental properties of the interpolating map are given in the following 
proposition. 

Proposition 6.4. The interpolating map satisfies the following properties. 

(a) Functoriality. If g : X — > Y is a morphism of schemes over k, then for each 
to, n G N the following diagram commutes 

jet™ T (X) Jct '" T(9) : Jet™ t(Y) 



t Jet™ (X) ^ t Jet" 1 (Y) 

(b) Compatibility with composition of prolongations. Suppose T is another 
finite free E>-algebra scheme and f : k —> J-(k) is a ring homomorphism 
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agreeing with s^r on A. Then the following commutes 



Jet m t(X, £T, ef) 




fST.ef 



T( 3et m T(X,£,e),T, f) 



r(3et m (X),£T,ef) 



(c) Compatibility with comparing of prolongations. Suppuse T is another finite 
free S-algebra scheme, f : k — > T{k) is a ring homomorphism agreeing 
with s k r on A, and a : £ — > T is a morphisms of ring schemes such that 
a k o e = f . Then the following diagram commutes: 

Jet m (a) 



3et m T(X,£,e) - 

<t>e 

r(jet m (X),£,e) 



Jet m t(X,FJ) 



-(Jet m (X),F,f) 



Proof. For part (a), fix p 6 t(X)(R). By the funtoriality of the Weil restriction 
(see Proposition ^. 1|) it follows that the following diagram commutes: 

t(X) x k £{k) T(g)Xfc£(fc) ; t(Y) x k £(k) 



X 



Y 



Taking jets and evaluating at £ e (-R)-points we get 

(r(X) x fc g(fc)) pXi[gw (g'(iQ) J ' tm(rb,)X> ? ^(r(y) x fe £ W) h) (£« 



Jet 



Jet m (g) 



Jet m (X) p (£e(R)) 



On the other hand, that the following diagram commutes is clear from the fact that 
the map u in Lemma |6. II is just given by base change: 



Jet" 1 (r(X)) p (R) 



Jet™ (r(g)) 



(9)(P) V 



Jet" (r(X) x fe £(k)) pXkm (£(Rj f Jet™ (r(Y)) r(g){p)Xkm (£(R)) 
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Putting these two commuting squares together ycilds 



Jet™ (r(X)) p (R) JCt "' (r(9)) : Jet™ (r(Y)) T(g)(p) (R) 



Jet m (X) p (£t(R)) 



^^Jet™(Y) Tm>) (£°(R)) 



By the construction of the interpolating map, this in turn implies 



Jet™ t(X) Jct '" T(9) : Jet™ t(Y) 



rJet m (X) 



t Jet m (g) 



■r Jet m (F) 



as desired. 

For part (b), let us make the systematic abbreviation t £ (X) for t(X, £, e). Fix- 
ing p G t £:f (X)(R) we have the associated points p G X(£ T e f {R)) and pjr g 
t £ (X)(Ff (i?)) . The contribution to the interpolating map from base change 
(namely from the map given by Lemma 16. ip will cause no difficulty and so we 
only check commuting for the relevant diagram coming from the Weil restriction 
map (i.e., the map from Lemma 16. 2p . From Lemma 14.141 we have the following 
commuting triangle 




This induces the following morphism of sheaves of £J-(R)-algebras 



p*(coJ ( ™l {x) )® k £T(k) 



pUcoJ { r f {x) )®k£(k) 
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Taking duals, and making natural identifications we get: 
Hom^ (fl) (p*(coJ%l (x) ) ® k £T(k),£T(R)) 




4 {x) ' p ® k S(k) 



Horn 



(R) (P*{coJ% n) ),£T^{R)) 




Horn 



From here part (b) is easily verified. 

For part (c) we continue to use the abbreviation t £ {X) for r(X,£,e), and we 
work with a fixed point p £ t £ (X)(R) for some fixed fc-algebra R. Again we are 
going to break the desired commutative diagram into two peices, one coming from 
each of the two ingredients of the interpolating map (namely from the map given 
by Lemma EH] and the map from Lemma l6~2|) . To do so, note first of all that there 
is a natural map 



a : Jet™ (t £ (X) x k £ (*)) (£ (R)) -> Jet™ (r^(X)x k T(k)) & 



(t £ (X) x k T(k)) 



> px k £(k) 

Indeed, a is just the composition of the map 

Jet™(T £ (X)x k £(k)) pXk£{k) (£(R))^Jet« v „„ , vv , px ^ (fe) , 

induced by base change from £{k) to J-{k) using a, with Jet™ (a x k T(k)) : 

Jet™(r £ (X) x k Hk)) pXknk) (HR))^^(r^(X) x k T(k)) &(p)Xknk) (HR)) ■ 

Hence, to obtain the desired commuting diagram it will suffice to show 
(1) The following diagram commutes: 

Jct m (a) 



Jet r 



• Jet™ (t*(X)) & 



(p) 



Jet™ (r £ (X) x k £(k)) pXk£(k) (£(R)) 5_ Jet™ (r^(X) x k m) &(p) x h r W 

where the vertical arrows are the base change maps of Lemma 16.11 and 
(2) The following diagram commutes: 

Jet™ (r £ (X) x k £(k)) pXk£ik) (£(R)) ^ Jet™ (r^(X) x k Hk)) Hp)XhF(k) (W)) 

Jet m (X) p (£%R)) 3et m (X) m (&(R)) 

where the vertical arrows are the maps of Lemma 16.21 
Diagram (1) is easily seen to commute by unravelling the definitions and using 
that fact that jet spaces commute with base change. So we focus on proving that 
diagram (2) commutes. 
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From lemma 14791 we have the following commuting diagram 




t*(X) x k T{k) * ^' d " fc) r £ (X) x k T(k) 



o(id <g)a) 



where rl? e o (id(g)a) : t £ (X) x k T{k) — > X is the composition of the projec- 
tion t £ (X) Xfe T{k) = t £ (X) Xfe £{k) x £{k) T(k) r £ (X) x fe £(fc) with r£ e : 
T f (X) x k £(k) — > X. Taking the co-jet sheaves and pulling back by the appropriate 
morphisms we obtain the following commuting diagram of sheaves on Spec (T{Rj) : 



\>(p) x k T{k))* coJ™r (x)XkJ : (k) 



(p Xfe T(k))*coJ" l £ W x^(fe) 



a(p) coJ£ 

Note that o (id <E>a) really does take p x k J-(k) to a(p) since a(p) — p o a. 

Now, let us consider diagram (2) above. Unraveling the definitions it is not hard 
to verify that given 7 G Jet m (t £ (X) x k £(k)) pXk£{k) (S(R)) 

• going clockwise along diagram (2) takes 7 to (7 (E>f(fc) o cob; while 

• going counter-clockwise along diagram (2) takes 7 to (7 ®£( k ) F(k)) o a. 
Hence diagram (2) is commutative, as desired. □ 



6.1. The interpolating map in co-ordinates. We wish to give a co-ordinate 
description of the interpolating map for affine schemes of finite type. Since the jet 
and prolongation functors preserve closed embeddings, functoriality allows us to 
reduce this task to affine space. 

Fix a finite free S-algebra scheme £ over a ring A and an A-algebra k equipped 
with an A-algebra homomorphism e : k —> £(k). Let (eo = l,ei,... be a 

basis for £(k) over k. 

Consider A£ = Spec (k[x\, . . . , x r ]). Then rA r k = Spec . . . , y r ]) , where 

each y l = (y ij0 , . . Let x = (xt, . . .,x r ) and y = . . . ,y r ). 

Suppose R is a A-algebra, a G rA k (R) and a G A£(£ e (i?)) is the point corre- 
sponding to a. A straightforward computation using Proposition 15 . 61 shows that 

3et m (rAlUR) = Kom R (R[y] w / (y - a) m+1 , R) 
3et m (A r k ) a (£ e (R)) = Rom £HR) (£ e (R)[x} a /(x-a) m+1 ,£ e (R)) 

where R[y]a is the localisation of R[y] at {/ G R[y] : /(a) G i? x }, and £ e (R)[x] a is 
the localisation of £ e (R)[x] at {/ 6 £ e {R)[x] : /(a) G £ e (.R) x }. Our interpolating 
map 

Hom fl (R[y] n /(y-a) m+1 ,R) — > Hom £t(fi) (£ e (i?)[a;] a /( S - a) m+1 , £ e (i?)) 
is given by / 1 — > (f x k £(£;)) o r* where 

r* : £ e (i?)[a;] /(a; - a) m+1 — » - a) m+1 
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e-i 

is the map induced by Xj i — ► ^ UiJ e j- So to compute the interpolating map on co- 

j=o 

ordinates, we need to compute r* on the monomial basis for £ e (R)[x] a / (x — a) m+1 
over £ (i?). To that end, fix /3 G N r with < \(3\ < m and compute in multi-index 
notation 

*=i j=o 

7=(7iv,7r)€N < '-,|7 i |=/3 i 

Set T/3 := {7 = (71, . . . , 7 r ) G N lr : |7,| = A} and for each 7 G T^, expand 

£-1 

(2) (e ,...,e^_i)^=i 7i = ^2c 7j ej 

3=0 

for some c 7 j G A. So we have 

(3) rV) = E(E c 7^ 7 ) e , 

3=0 7er 

Remark 6.5. Fix (3 G N r with < |/3| < m. Let 

/?:= (/?i,0,...;/? 2 ,0,...;...;/? r ,0,...,0) GT^ GN fr . 

Then 

• C /3,0 = 

• j = for all j ^ 0, and 

• c 7 , = for all 7 G \ 0}. 

Indeed, this is because eo = 1 and if 7 G \ {/?} then (eo, . . . ,e£_i)^ i=l7i is in 
the kernel of the reduction map £{k) — > k. 

We can already prove the following surjectivity result: 

Proposition 6.6. The interpolating map on affine space, (f> : Jet" 1 rA r k — > r Jet™ A k , 
is surjective. 

Proof. Fix a fc-algebra R, a point a G rA r k (R), and let a G A k (£ e (R)) be the point 
corresponding to a, as above. We need to show that 

Hom fl (R[y]a/(y- a) m+1 ,R) — Hom £ e (fi) (£ e 0R)[x] a /(x - a) m+1 , £ e (R)) 

given by / 1 — ► (/ x fc r * is surjective. Fix an arbitrary /3 G N r with 

< |/3| < m and let v G Hom P(fi) (£ e (R)[x] a / (x - a) m+1 , £ e (i?)) be such that it 
takes x' 3 to 1 and all other monomial basis elements to 0. It suffices to show that v 
is in the image of the interpolating map. Define / G Hom^ (R{y]a/ (y — a) m+1 ,R) 



:S2 



R.AHIM MOOSA AND THOMAS SCANLON 



such that /(jr ) — 1 and / sends all other monomial basis elements to 0. Then 

£-1 

{fx k £(k))or*(xP) = ]T/(E c ^ 7 ) e , 

i=o 7 et> 

3=0 

= e 
= 1 

where the first equality is by © and the penultimate equality is by Remark 16.51 
On the other hand, for j3' ^ 0, since (3 ^ Tp/, a similar calculation shows that 
(/ x fc £{k)) o r*{xP') = 0. So (/ x fc £{k)) o r* = v, as desired. □ 

We return to the computation of the interpolating map on co-ordinates. Fix 
7 = (71,..., 7 r ) G N fr such that < \j\ < m and consider the basis element 
f y G Homjj (_R[y]a/(y — a) m+1 , R) which takes lp to f and sends all other monomial 
basis elements to 0. We now compute what the interpolating map does to / 7 . Fix 
(3 e N r with < \/3\ < to. 



Ej=o c 7J e J ii7er,g; 
otherwise. 

where the first equality is by ([3]) and the coefficients c 7J - G A are from @. Set 
7 = (I71I, . . . , |7 r |) G W. So 7 is the multi- index such that 7 G T 7 . We have shown 
that 

0(/r) = (H c 7J e i)57 
j'=o 

where g 7 G Hom£ e ( fl ) e (i?)[a;] a /(x — a) m+1 , £ e (R)) takes to 1 and all other 
monomial basis elements to 0. 

For an arbitrary element / = u 7 / 7 of Horn/} (-R[y]a/ (1/ — a) m+1 , i?) , 

7GN fr ,0<|7|<m 

where the u a G R, we can then compute 

e-i 

7£N f '',0<|7|<m j=0 

Yl U 7 C 7j) e J 5/3 

/3eN'-,o<|/3|<m \j=o 7 er /3 / 

We have shown: 
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Proposition 6.7. If R is a k-algebra and (a,/) 6 Jet™ 1 rA r k (R), where f 
u 1 f 1 , then </>(a, /) G r Jet m A r k (R) is given by 

7SN* r ,0<|7|<m 



7er 3 7er> 




/3eN r ,0<|/3|<m 



where the coefficients c 7J S A come /rom {3]) above. Stated another way, on co- 
ordinate rings, 

(/)* : k[y, {wp, t :0<i< £-1, [3 G N r , < \(3\ < m}} -> fe[y, {z 7 : 7 6 N fr , < | 7 | < m}] 

is given by 

• y 1 >y 

• 1 — ► 2§ /or each j3 G W, < \(3\ < m 

• W/3j 1 — > ( c 7J )z 7 /or eac/i (3 and j = 1, ...,£ — 1. □ 

The following corollary of the above co-ordinate description will be useful in a 
sequel to this article where we study "£ -schemes" and their "£ -jets" . 

Corollary 6.8. Suppose k is a field and X is of finite type over k. If p G X(k) is 
smooth then <f> restricts to a surjective linear map between the fibres of Jet" 1 t(X) 
andTjet m {X) over V(p) G r(X)(k). 

Proof. By Lemma 16.31 <f> is a morphism of linear spaces over t(X), and so all that 
requires proof is the surjectivity. 

By smoothness at p, there exists an etale map from a nonempty smooth Zariski 
open subset U C X containing p to A k for some r > 0. Note that V(p) G t(U) 
and Jet m (rl0 = Jet m (rX)| rC/ . Hence 3et m {TU) v{p) = Jet m (rX) v(p) . Also, since 
Jet m (C7) = 3et m (X)\u, we have 

(r Jet m ([/)) v(p) = r(Jet m iy = r(Jet m X p ) = (r Jet m (X)) y(p) 

where the first and final equalities are by Proposition I4.7f b). So, without loss of 
generality, we may replace X by U, and assume there is an etale map / : X — ► A£. 
Indeed, under this hypothesis, we will show that for any p' G r(X) p (/c als ), p / is a 
surjection from Jet m (rX) p / to (r Jet m X) p /. For X = A£ this is Proposition 16.61 

By Proposition 14.61 r(/) is etale, and so by Lemma f5 . 101 Jet m (r(X)J , is iso- 
morphic to Jet m (r(A^)j r ^ It remains therefore to prove that r(Jet m (/)) 
induces an isomorphism between the fibres over p' and r(/)(p') in the following 
diagram 

t( Jet m (/)) 

r(jet m (X)) — i ^ T (jet m (A^)) 



r(X) ^- 
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This in turn reduces to showing that if p is the £ e (fc alg )-point of X corresponding 
to p' , then in the following diagram 



Jet m (X) 



Jet m (/) 



Jet m (A£) 



•AT 



X 

Jet m (/) induces an isomorphism between the fibres over p and f(p). But as / is 
etale, this is just Lemma \5. 101 with R = £ e (fc alg ) apllied to p. □ 
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